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Wormholes, naked singularities, and universes of ghost radiation
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Both the static and homogeneous metrics describing the spherically symmetric gravitational field of a
crossflow of incoming and outgoing null dust streams are generalized for the case of the two-component ghost
radiation. Static solutions represent either naked singularities or the wormholes recently found by Hayward.
The critical value of the parameter separating the two possibilities is given. The wormhole is allowed to have
a positive mass. The homogeneous solutions are open universes.
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The static, spherically symmetric solution describing t
gravitational field of a crossflow of null dust streams@1# was
recently extended by Hayward@2# for the case of two-
component ghost radiation, the resulting solution being in
preted as a wormhole.1 The original static solution@1# how-
ever has a homogeneous counterpart@6,7#, the similar
generalization of which is the principal aim of this Brie
Report. We also find the critical value of one of the met
parameters, which separates naked singularities from wo
holes in the static case. We show that, despite the nega
energy density of the ghost radiation, the wormholes
have a positive mass.

The null dust solutions can be concisely written as

ds25
aeL2

cR
~dZ222R2dL2!1R2dV2, ~1!

wherec521 refers to the static case~naked singularities!
andc51 refers to the homogeneous case~closed universe!.
ProvidingR.0, the metric has the signature (c,2c,1,1).
Accordingly,Z is time coordinate in the static case and rad
coordinate in the homogeneous case whileL is time coordi-
nate in the homogeneous case and radial coordinate in
static case. The parameter’s notation was changed ta
51/C.0 for easier comparison with Ref.@2#. A second pa-
rameterB is contained in the metric functionR,

cR5a~eL2
22LFB!, FB5B1EL

ex2
dx. ~2!

Both metrics have a true singularity atR50. (RabR ab

52/a2e2L2
R2 and the Kretschmann scalarRabcdR abcd con-

tainsR6 in the denominator.! The energy-momentum tenso
is

1For recent developments in the subject see@3,4# and for an earlier
review @5#.
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Tab5
b

8pGR2
~ua

1ub
16ua

2ub
2!, ~3!

where u6 are duals to the relatively normalize
@g(u1 ,u2)521# propagation null vectors,

A2u65
1

Acg00

]

]Z
6

1

A2cg11

]

]L
. ~4!

From the Einstein equation the functionb is found positive,
irrespective of the value ofc,

b5
R

aeL2 . ~5!

The source can be equally interpreted as an anisotropic
with no tangential pressures and both the energy density
radial pressure are equal tob/8pGR251/8pGaeL2

R ~these
also became infinite atR50). As a third interpretation, it
represents a massless scalar field in the two dimensional
tor obtained by spherically symmetric reduction of Einste
gravity @6#.

The metrics~1! are invariant with respect to the simulta
neous interchange (L,B)→(2L,2B). This suggests the ex

FIG. 1. ~a! The singularityR50 of the metric~1! is represented
by the curvesB5x(L6) which split the range of the coordinateL
in three distinct regions: static, homogeneous, and static.~b! Evo-
lution of the energy density of the null dust universe in coordin
time L ~in units a58pG).
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FIG. 2. ~a! The singularityR50 of the metric~8! is represented by the curvesb5z( l 0). These split the range of the coordinatel in two
distinct regions for anybP(2`,2bcr)ø(bcr ,`). For the parameter valuesbP(2bcr ,bcr) there is no singularity.~b! Evolution of the
energy density of the ghost radiation filled universe in coordinate timel ~in units a58pG).
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istence of two identical copies of the space-time~cf. @7#!. For
each value ofB there are two copies of the singularityR
50 which divide the range of the coordinateL in three dis-
tinct regions @Fig. 1~a!#. From among theseLP(2`,L2

,0) andLP(L1.0,̀ ) are two identical copies of the stat
naked singularity given locally by the metric~1!, casec
521. The patches (L2,0) and (0,L1) can be smoothly
glued throughL50 in order to obtain a single homogeneo
closed Kantowski-Sachs type universe. In this latter caseR is
interpreted as the time-dependent radius of the universe
scribed locally by the metric~1!, casec51, which is born
from and collapses to the singularityR50. During its
ephemeral existence, the energy density of the unive
evolves@cf. Fig. 1~b!#.

Solutions describing the crossflow of ghost fields can
found by substituting

L5 i l , Z5 i t, B5 ib ~6!

in the metric~1!. Then,

FB5 i S b1E l

e2x2
dxD5 if,

cR5a~e2 l 212lf!. ~7!

and the new metric becomes
12750
e-
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e

ds25
a

el 2cR
~2dt212R2dl2!1R2dV2. ~8!

These are the static solutions of Hayward forc51 (t time!
and the new homogeneous solutions forc521 (l time!. The
signature of the metric~8! being (2c,c,1,1), the propaga-
tion null vectors are

A2u65
1

A2cg00

]

]t
6

1

Acg11

]

] l
. ~9!

The energy-momentum tensor,

Tab5
b

8pGR2
~ua

1ub
16ua

2ub
2!, ~10!

contains anegativeb, again irrespective of the value ofc,

ab52el 2R. ~11!

Therefore the source represents a crossflow of incoming
outgoing ghost radiation. Alternatively it can be regarded
an anisotropic fluid with no tangential pressures for wh
both the energy density and radial pressure are equa
b/8pGR252el 2/8pGaR,0 ~infinite at R50). In two
dimensions it represents a massless scalar field.
ue
FIG. 3. ~a! The homogeneous solution represents an open universe~plot for b521). ~b! The universe expands for any admissible val
of b.
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FIG. 4. ~a! The mass function is positive only for a restricted domain ofb, which represents the wormhole in its throat region.~Mass
functions are plotted fora52.! ~b! The mass function of naked singularities is negative for anyl.
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As RabR ab52e2l 2/a2R2 and the Kretschmann scala
RabcdR abcd still containsR6 in the denominator, the singu
lar character of the solutions atR50 continues to hold. The
constantb can be related to the valuel 0 of the coordinatel at
the singularity,

b5z~ l 0!52
1

2l 0el 0
2 2

1

2l 0
E l 0

e2x2
dx. ~12!

As this equation has no solution forbP(2bcr ,bcr), with
bcr50.886 226 925 5@Fig. 2~a!#, the singularity is absent fo
the above parameter range, and the corresponding solu
are the wormholes of Hayward. This is the major differen
with respect to the null dust case.

For any other value ofb the singularity is present. We
discuss this possibility next. First we remark the symme
of the metric with respect to the simultaneous intercha
( l ,b)→(2 l ,2b). In particular the two branches of the curv
z( l 0) represent the same singularity. By inspecting Eq.~7!,
written in the form

cR52al@z~ l !2z~ l 0!#, ~13!

with the remark thatz is a monotonously decreasing functio
(dz/dl52e2 l 2), we see that forb,2bcr the singularity
divides thel .0 coordinate range in two domains, charact
ized by c51 and c521, respectively. Similarly forb
.bcr the singularity splitsl ,0 in the c521, c51 do-
mains.
12750
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The homogeneous solutions (c521 case! are new and
they lie ‘‘outside’’ the two branches of the curvez( l 0). The
evolution of the radiusR in coordinate timel is shown in Fig.
3. The solutions represent open universes, either expan
(b,2bcr) or contracting (b.bcr). This is to be contrasted
with the null dust case, where the universe was closed.
evolution of the energy density in the expanding case
shown in Fig. 2~b!. Contrarily with open universes filled with
ordinary matter, here the magnitude of the energy den
first decreases from its original singular value but afterwa
it increases again towards infinity.

The region between the two branches of the curvez( l 0)
contain the static solutions (c51 case!. They are either
wormholes or naked singularities. We verify this latter po
sibility by rewriting the metric~8!, casec51 as

ds252
a

e2 l 2R
dx6~dx622A2Rdl!1R2dV2,

where the null coordinate is given bydx65dt6A2Rdl.
Radial null geodesics are then characterized by

dl

dx6
5

1

2A2R
.0, ~14!

and there is no horizon.
The mass function for the static solutions@2# is m

5(e2 l 212lf22e2l 2f2)a/2. There is a domain of the radia
coordinatel with the mass positive, but only for wormhole
FIG. 5. ~a! In the throat region the wormhole has positive mass.~The plot is done forb50.! ~b! The missing zone of Fig. 4~b!: the mass
function for wormholes, represented for various values of the parameterb.
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@Fig. 4~a!#. Naked singularities are characterized by negat
m, irrespective of the value of the metric parameters@Fig.
4~b!#. The mass function of static wormholes is represen
in Fig. 5. By cutting the wormhole solution at valuesl 6

~lying in the positive mass range!, and gluing to spherically
symmetric exterior solutions~as described in@1#! we obtain a
wormhole composed of a crossflow of negative energy ra
tion, still with positive mass.

Summarizing, by switching from a positive to a negati
energy density~ghost radiation!, the static naked singularity
ia

D

a

12750
e

d

a-

is either kept or it transmutes to a~possibly positive mass!
wormhole. In addition, the homogeneous closed unive
opens up.

A final remark is that all solutions considered here exhi
a vanishing Ricci scalar, similarly as the wormhole solutio
of @3#.

This work has been completed with the financial supp
of the Hungarian Higher Education and Research Founda
~AMFK !. Numerical plots were done withMAPLEV.
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